Abstract. In this paper we study a 2D Oldroyd free-boundary model which describes the evolution of a viscoelastic fluid. We prove existence of splash singularities, namely points where the boundary remains smooth but self-intersects. This paper extends the previous result obtained for infinite Weissenberg number by the authors in [10], [11] to the case of any finite Weissenberg number. The main difficulty of this paper is due to the non linear balance law of the elastic tensor which cannot be reduced, as in the case of infinite Weissenberg, to the transport equations for the deformation gradient. Our strategy in accurate local existence result depending on the Weissenberg number and the combination of conformal and Lagrangian transformations. The existence of splash singularities is guarantee by a suitable choice of the initial data combined with stability estimates.
Introduction
The aim of this paper is to prove the existence of splash singularity for the general Oldroyd-B model. In particular we show that in this situation there is an explicit dependence of the local existence time on the Weissenberg number, W e. The Oldroyd model describes some fluids with a complex microstructure, called Non Newtonian. In particular we deal with viscoelastic fluids, which exhibit both viscous and elastic behaviour and the peculiar characteristic is related to the presence of memory effects. The author prove in [10] and [11] the existence of splash singularity for the free-boundary Oldroyd model at infinite Weissenberg number, so when the elastic behaviour dominates with respect to the viscous one. Now we consider a general W e and the system we analyze has the following constituive law for the extra-stress tensor τ , for details see [22] .
τ + λ∂ uc t τ = µ 0 (∇u + ∇u T + λ 1 ∂ uc t (∇u + ∇u T )), (1.1) where
• u is the velocity, • λ is the relaxation time,
• µ 0 = µ s + µ p , is the total dynamic viscosity, solvent and polymeric viscosity, respectively,
λ is the retardation time, • ∂ uc t τ = ∂ t τ + u · ∇τ − ∇uτ − τ ∇u T , is the upper convective time derivative. In this paper we deal with incompressible viscoelastic fluids. They satisfy the conservation of mass, div u = 0 and the conservation of momentum ρ(∂ t u + u · ∇u) + ∇p = div τ, (1.2) whereρ is the mass density and the extra-stress is the sum of a viscous and an elastic part τ = µ s (∇u + (∇u) T ) + τ p . In order to have a closed system we put together the conservation of mass and momentum and the constitutive law, expressed in terms of τ p .       ρ (∂ t u + u · ∇u) + ∇p − µ s ∆u = div τ p λ∂ uc t τ p + τ p = µ p (∇u + (∇u) T ) div u = 0.
(1.4)
The system (1.4) is endowed with the boundary conditions which are given by the static equilibrium of the force fields at the interface.
λ∂ uc t τ p + τ p = µ p (∇u + ∇u T ) in Ω(t) div u = 0 in Ω(t) (−pI + µ s (∇u + ∇u T ) + τ p )n = 0 on ∂Ω(t) 5) where Ω(t) = X(t, Ω 0 ) is the variable domain depending on Ω 0 ⊂ R 2 , the initial domain and it is defined through the flux X(t, α) associated to the velocity u. In particular, let us denote with α ∈ R 2 the material point in the reference configuration then the flux satifies the following system of ODEs    d dt X(t, α) = u(t, X(t, α)) X(0, α) = α.
(1.6)
The novelty of the paper is related to the analysis of a more general system, which allow us to have the complete theory on the existence of splash singularity for viscoelastic models governed by the constitutive law (1.1). Moreover we are able to obtain an explicit dependence of the local existence time for the system (1.5) on the Weissenberg number W e. However, in order to obtain the explicit dependence we need to use dimensionless variables, which are given by
where U, L represent the typical velocity and length of the flow. Moreover we define W e = Our approach in the study this system is based on the techniques adopted for the freeboundary Navier-Stokes in [4] and for the Oldroyd model at high Weissenberg number in [10] . These papers use the classical method of conformal mapping, in order to avoid non regular initial domain see fig. 1 (b) and then Lagrangian change of variables to have a fixed boundary problem.
1.1. Outline of the paper. In Section 2 we prove a local existence result for the ConformalLagragian system associated to (1.7) through a fixed point argument and as product of our estimates, we get that the local existence time T can be estimated from above by W e 1+W e . In Section 3 we prove stability estimates which allow us to obtain the splash. Finally, in Section 4 we show the existence of the splash singularity, by means of a specific choice of the initial velocity.
Local existence for the system in Conformal-Lagrangian coordinates
We focus on the analysis of the system (1.7) but we want to rewrite it in ConformalLagrangian coordinates in order to use a fixed point argument for proving the local existence. The first step is to pass in Conformal coordinates. Let us apply the conformal map P (z) =z, for z ∈ C\Γ, defined as a branch of √ z, where Γ is a line, passed through the splash point, for details see [4] and [10] ; and the change of coordinates from Ω →Ω = P (Ω). The conformal velocity field and elastic stress tensor are defined as follows u(t,X) = u(t, P −1 (X)), hence u(t, X) =ũ(t, P (X)),
Defining J P kj = ∂ X j P k (P −1 (X)) and
, then the new system in Conformal coordinates is the following in [0, T ] ×Ω(t).
The second step is to pass in Lagrangian coordinates in order to fix the domain. We look at the flux equation
by using the new Lagrangian velocity, pressure and elastic stress
we get the new Conformal Lagrangian system in [0, T ] ×Ω 0 , written as follows.
whereζ(t,α) = (∇X) −1 (t,α) and ∇ ΛX = −Λ∇XΛ, with Λ = 0 −1 1 0 .
2.1. Iterative scheme for (2.4). We prove a local existence result throughout a fixed point argument, as we did in [10] . Thus the idea is to separate the equations for the elastic stress tensorT p from the equations for the velocity and the pressure. By using Picard iterations, we get the following systems
wheref (n) ,g (n) ,h (n) are defined as follows
The elastic stress tensor satisfies the following ODE.
Moreover the flux satisfies
The main result of this Section is the following
In order to prove the local existence the idea is exactly as done in [10] , through the iterative bounds. Theorem 2.1 is a consequence of the following result Proposition 2.2. (Iterative bounds) Assume that for some M > 0, depending on the initial data (ṽ 0 ,T 0 ),
Then it follows
The proof of this Proposition is the result of estimates for the velocity and the pressure, for the flux and finally for the elastic tensor, separately.
2.2.
Estimate for the Conformal Lagrangian velocity and pressure. We want to solve system (2.5), by using the idea and the results of [1] and [4] . In particular the general linearized system we consider is the following
This system is supplemented with compatibility conditions
In particular in order to analyze (2.8), we introduce the following function space of the solution, as in [1] Now, for our system (2.5) we want to use the above result but we do not have zero initial velocity. For this reason we need to define a new velocity fieldw =ṽ −φ, where
We chooseq φ such that ∂ tṽ
|t=0 . In this way ∂ tw (0,α) = 0 andw(0,α) = 0. Moreover, we rewrite the RHS of (2.5) in a more convenient manner. Forf (n)
In the same way also forh (n)
12)
The presence of the new function φ introduces new terms in the RHS of system (2.5),
0 .
In the study ofg (n) , we have to do some adjustments in order to satisfy (g (n) , ∂ tg (n) ) |t=0 = (0, 0), for details see [4] .ḡ
whereζ φ = I + t exp (−t 2 )(−∇(J Pṽ 0 )) and (J P φ ) ij = J P ij + t exp (−t 2 )∂ k J P ij J P klṽ 0,l . We can resume the system (2.5) through the operator L as follows
We have all the necessary hypothesis for proving the estimates for the velocity field and the scalar pressure.
there exists M > 0, depending on the initial data and T > 0 small enough, depending on M, κ such that
Moreover, for a suitable > 0,
(2.14)
Proof. The first part of this proof, concerning the boundedness of (w (n+1) ,q (n+1) w ) ∈ B, provided that for previous time velocity and pressure are bounded, can be proved in the same way as [4, Proposition 5.4] . The difference concerns the choice of the ball B. We have to show
Thus it is sufficient to prove
As a consequence, we get that
and
Thus we have to estimatef (n) ,h (n) . In particularf
q and g (n) . We observe that these terms have already been estimated in [4, Proposition 5.4] . Then, for clarity, we resume the estimate of one term and we choosef (n) w . It can be written as follows
By using Hölder inequality and Lemmas in the Appendix, we estimate I 1 ,
We resume below the resulting estimates, for all the terms.
where δ , θ, β are the minima among all the exponents of T and by choosing ρ = min{δ , θ, β}, we get (w (n+1) ,q
Now we can prove the second part of the Proposition, then we must estimate the differences and we observe that the termsf
We have the same splitting as before forf
we have the following terms
This difference gives the following result, for details see [4] .
For the differencef
The final estimate for this term is
The last difference already known isf
and by splitting this term as follows
we get the following results
For more details of these results, see [1] and [4] . The estimate we want to show is related tõ f
, which can be splitted
norm gives the following result by using Hölder inequality.
Now we ca pass to analyze the H s−1 2 t L 2 x norm, by using Lemma A.3, Lemma A.5, Lemma A.6 and Lemma A.2 with
By choosing δ = min{δ 1 , . . . , δ 6 , 5 4 } we get the conclusive estimate
For the estimate of this difference, we have
By using the estimate obtained in [4] , we get the final result
For the estimate of this difference we separate the terms depending onw,q andT p . We notice that the only term which needs a detailed estimate is the one depending onT p , since the others have already been estimated in [4] . The first difference is the followingh
Then we get
The second difference ish
, which can be written as follows
The the estimate is the following
The estimate is the following
Finally,h
can be splitted as follows
As a consequence the estimate is
Now, we are ready to show the complete estimate ofh
. We write this term in the following way
x is obtained by using Hölder inequality and the Trace theorem A.8
The analysis of
x norm is the result of Lemma A.4, Lemma A.5, Lemma A.2, Lemma A.6 and the Trace theorem A.8.
By choosing β = min{β 1 , . . . , β 7 ,
The thesis (2.14) holds by choosing = min{δ , θ, β} and by summing (2.15), (2.16) and (2.17). 
for some M > 0, depending on the initial data. Theñ
Moreover for a suitable η > 0, we have 
The following Proposition gives the estimate for the Conformal Lagrangian elastic tensor.
Proposition 2.5. For 2 < s < 5 2 and T > 0 small enough. LetT
For some M > 0 depending on the initial data.Theñ
Moreover For a suitable β > 0 , we have
Proof. For the proof of (2.20) it is sufficient to show
where
We rewrite theT
T dτ in the following terms.
(n) ∇φJ P (X (n) ),
We have to estimate these terms both in L ∞ 
, , for i = 1, 2, 4, 5 and β j < η j < 1 2 for j = 3, 6, 7, 8, 9, 10, 11, 12, 13 and 1 < γ < s − 1.
By choosing β = min{β 1 , . . . , β 13 , 1 2 }, we get (2.22), so the first part of the Proposition holds. In order to prove (2.21), we take the differenceT
As for the proof of the first part we have that I 1 , I 2 and I 4 , I 5 have the same estimate, thus we will study just I 1 , I 3 and I 4 . We start with I 1 that can be written as follows
The estimate in L ∞ 1 4 ,t H s x is obtained by using Hölder and Minkowski inequality.
For the estimate in
, we use Lemma A.5 several times, Lemma A.1, Lemma A.6, Lemma A.1 with 1 < γ < s − 1 and Lemma A.2 with β 2 < η 2 < s−1−γ 2 and β j < η j < 1 2 , for j = 1, 3, 4, 5, 6, 7
For I 2 the estimate is the same as above so we write just the final result
Now we estimate I 3 with β 9 < η 9 < 1 2 .
Finally, we estimate I 4 in particular the terms we have to study are the following.
H s x we use Hölder and Minkowski inequality.
, we use Lemma A.5, Lemma A.1 and Lemma A.2 with β i < η i < 1 2 , for i = 10, 12, 13, 14 and β 11 < η 11 <
For I 5 is exactly as done for I 4 and the result is the following
.
By choosing β = min{β 1 , . . . , β 15 , • w (n+1) −w
By summing all these results an by taking µ = min{ , η, β} we have
Then in order to have the contraction we impose
(2.24)
3. Stability results for (1.7)
The existence of splash singularity is a consequence of the stability result, as we will explain later. Thus we introduce a one parameter familyΩ ε (0), defined as follows Ω ε (0) =Ω 0 + εb, where b is a unit vector, such that P −1 (Ω ε (0)) is a regular domain, see fig.1(a) . We consider also a perturbation of the velocityṽ ε (0), which has a positive normal component at the splash points. In a rough way the stability results can be resumed as follows.
for sufficiently small ε. In particular to deduce (3.1), we have to prove the following Theorem, related to the flux, since it governs the evolution of the interface.
To obtain Theorem 3.1, we take the following differences
The function φ ε =ṽ 0 + 1 Re t exp (−t 2 )((1 − κ)Q 2 ε ∆ṽ 0 − (J P ) T ε ∇q φ,ε + Tr(∇T 0,ε J P ε ) allows us to invert the operator L defined in (2.10) andf ,f ε ,g,g ε ,h,h ε are the same defined in Section 2 asf (n) ,g (n) andh (n) .
For the flux we have thatX ε (t,α) satisfies
and soX
The perturbed elastic stress tensorT p,ε satisfies the following ODE.
The proof of Theorem 3.1 is a consequence of the following result. 
Moreover for a suitable δ > 0 we have
where (1)- (5) 
where the constant M depends only on the initial data.
3.1. Proof of Proposition 3.2. We need to prove stability estimate for bothT p −T p,ε and (w −w ε ,q w −q w,ε ). 
Proof. Considering the difference (3.5), we can observe that I 2 is similar to I 1 and the same for I 4 and I 5 .
Thus it is sufficient to analyze I 1 , I 3 , I 4 . We rewrite I 1 in following way.
The estimate in L ∞ t H s x is obtain by Hölder inequality.
For the estimate in H 2 t H γ−1 we use Lemma A.5 several times, Lemma A.1, Lemma A.6, Lemma A.1 with 1 < γ < s − 1 and Lemma A.2 with β 2 < η 2 < s−1−γ 2 and β j < η j < 1 2 , for j = 1, 3, 4, 5, 6, 7.
In L ∞ t H s x we use Hölder and Minkowski inequalities.
By choosing β = min{β 1 , . . . , β 15 , Now we pass to get stability estimates for the velocity and the pressure.
Lemma 3.4. For 2 < s < 5 2 and for given the initial dataṽ 0 ,T 0 ∈ H s , there exists M > 0, depending on the initial data. Morever for a suitable > 0, we have
Proof. As we did for the iterative estimates we use the invertibility of the operator L which defines system (3.2), specifically L(w −w ε ,q w −q w,ε ) = (F ε ,K ε ,H ε ), then we have
So what we have to show is the following
Estimate forF ε
As defined abovẽ
In addition by using Proposition 3.2 (1)- (5) we have the following estimates in K s−1
As we did in the proof of Proposition 2.3 we writef −f ε =f w −f w,ε +f φ −f φ,ε +f q −f q,ε + f T −f T,ε and we get exactly the same result since we can substitutef (n) withf andf (n−1) withf ε . Then
By gathering all the terms together we get
Estimate forK ε
This term is defined as follows
It can be estimated by using 
For the differenceg −g ε as we stated before is the same as Proposition 2.3. Indeed by substitutingg (n) withg andg (n−1) withg ε we obtain g −g ε Ks ≤ C(M )ε + C(M )T θ w −w ε K s+1 + X −X ε L ∞ H s+1 + X −X ε H 2 H γ .
By taking all these estimates we get
Estimate forH ε
As we did for the previous term, also for this one we have the same comments. The term we have to study is
We write the termH ε in the following three terms By putting all these results together we have
In conclusion by choosing = min{δ , θ, β} and by summing togheter (3.8), (3.9) and (3.10) the thesis holds.
Finally, the proof of Proposition 3.2 follows by summing the results of Lemma 3.6, Lemma 3.7 and the estimate of the flux, which are in the hypotesis, with δ = min{ , β}.
Proof of Theorem 3.1
The final goal is to prove that X −X ε L ∞ H s+1 ≤ 3C(κ, M )ε 1 + 1 W e .
In order to obtain this result we use the result of Proposition 3. The assumption on T is equivalent to (2.24) up to a constant.
4.1.
Existence of splash singularity. In conclusion, we resume how to get the splash from the stability. At the beginning, we start with a splash domain Ω 0 , fig.1 (b) . Then we use the conformal map in order to pass into a regular domainΩ 0 , in this setting we have Theorem 2.1, which guarantees the existence of a local solution and with a suitable choice of the initial velocityũ(0,z 1 ) · n > 0,ũ(0,z 2 ) · n > 0, wherez 1 ,z 2 are the splash points, we have that at time T the Conformal-Lagrangian domainΩ(T ) is such that the corresponding Lagrangian P −1 (Ω(T )) is not well-defined since it is self-intersecting domain, fig.1(c) . In the end we use the stability result (3.1) to state that P −1 (Ω ε (T ))) is a self-intersecting domain. Now it is clear that we start with a regular domain P −1 (Ω ε (0)) and we end up in a self-intersecting one, thus there exists an intermediate t * , called splash time and defined as follows t * = inf{t ∈ [0, T ) : P −1 (Ω ε (t)) is as in fig. 1 (b) }.
The result can be resumed as follows Theorem 4.1. There exists a time t * ∈ (0, T ) such that the interface of problem (1.7) ∂Ω(t * ) self-intersects in one point, namely there exists a splash singularity.
